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ABSTRACT
Applying the technique of dynamical maps we study the orbital stability of test par-
ticles in the Solar System in the space (a, e, i) defined by 0.1 < a < 38 au, 0 < e < 0.9
and 0◦ < i < 180◦ identifying the unstable and stable regions. We find stable niches
where small bodies can survive even for very high eccentricities. Mean motion reso-
nances play a fundamental role providing stability against the planetary perturbations
specially for high inclination orbits. A stability stripe around i ∼ 150◦ is present all
along the Solar System. We found that the population of objects with semimajor axes
between 10 and 30 au is evolving inside a highly unstable region according to our
maps. For the inner Solar System we found that the region between the Hildas and
Jupiter is more stable for high eccentricity orbits than for low eccentricity ones.
Key words: methods: numerical – celestial mechanics – comets: general – minor
planets, asteroids: general – chaos
1 INTRODUCTION
In recent articles it was clearly established that the cap-
ture in high inclination mean motion resonances (MMRs)
is a common phenomena even for retrograde orbits (Morais
& Namouni 2013; Namouni & Morais 2015; Ferna´ndez et al.
2016; Wiegert et al. 2017; Morais & Namouni 2017; Namouni
& Morais 2017; Fernandez et al. 2018). One decisive factor
for the occurrence of these captures is the relatively large
strength that some resonances have for the full interval of
orbital inclinations (Gallardo 2019). However, the capture
and stay in resonance depends not only on the resonance’s
strength but also on the planetary perturbations that the
particle needs to overcome. The whole planetary system per-
turbs the orbits with different effects according to the small
body’s orbital elements. The aim of this work is to present
a global view of the effects of the planetary perturbations
in the region between 0.1 < a < 38 au for the full range of
orbital eccentricities and inclinations. This purely numeri-
cal study is representative for a relatively short time scale of
about 1000 orbital revolutions of the test particle. Dynam-
ical evolutions that appear in much longer time scales will
not be reflected in this study.
The particularity of this study is that it covers all incli-
nations from 0◦ to 180◦. The effects of the planetary pertur-
bations on orbits with arbitrary inclinations were intensively
? E-mail: gallardo@fisica.edu.uy
studied for the particular case of quasi-parabolic comets (see
for example Ferna´ndez 2005). On the other hand, several
studies have been done analyzing the stability of orbits in
the plane (a, e) assuming small or zero orbital inclinations.
For example, Torbett (1989) and Torbett & Smoluchowski
(1990) studied the stability of the trans-Neptunian region
by means of Lyapunov exponents for diverse eccentricities
but low inclinations. Also, in Gladman & Duncan (1990)
the orbital evolution of initial circular orbits with i = 0◦
and i = 10◦ with respect to the invariable plane was studied
in the outer solar system. The cornerstone paper by Hol-
man & Wisdom (1993) showed the stability of initial circu-
lar and zero inclination orbits for a wide region from 5 to 50
au. Some stability explorations in inclinations were done for
the trans-Neptunian region: we can mention Duncan et al.
(1995), and in particular the systematic survey performed by
Grazier et al. (1999a) and Grazier et al. (1999b) of the sta-
bility of particles with initial 4.6 < a < 30 au with random
eccentricities and i < 90◦, but strongly concentrated near
the ecliptic. The inner solar system for circular and very
low inclination orbits was studied by Evans & Tabachnik
(1999). Some other explorations of the planetary perturba-
tions on test particles have been done since then but always
related to low inclination orbits (see for example Robutel
& Laskar 2001). These works were focused on low inclina-
tion orbits because their objective was to understand the
dynamical evolution of the early Solar System or the actual
distribution of minor bodies which is mostly concentrated
© 2019 The Authors
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Figure 1. Observed population of retrograde asteroids and
comets with a < 40 au. Source: MPC, February 2019.
near the ecliptic. However, considering the growing popula-
tion of retrograde objects (see Figure 1), it corresponds to
take a more detailed look at the stability of orbits in the
full range of inclinations. We hope that our stability maps
covering all inclinations will help to define the stable and un-
stable regions in the space (a, e, i) and to understand whether
the known high inclination objects are evolving in stable re-
gions or, on the contrary, they are diffusing inside chaotic
regions. In section 2 we explain our method, we study the
stability in the region of the outer solar system and we ana-
lyze the dynamical characteristics of some observed objects,
mainly Centaurs. In section 3 we present the study for the
inner planetary system and we focus on the particular pop-
ulation of objects with semimajor axes between the Hildas
and Jupiter. In section 4 we summarize the main results.
2 DYNAMICAL MAPS FOR THE OUTER
SOLAR SYSTEM
We constructed the dynamical maps integrating test parti-
cles perturbed by the actual system of outer planets from
Jupiter to Neptune with initial conditions of the parti-
cles uniformly distributed in the interval 3 < a < 38 au,
0◦ < i < 180◦ and with particular initial values for e from
0 to 0.9 in steps of 0.1. For the initial set (ω,Ω,M) we took
random values between 0◦ and 360◦ from an uniform distri-
bution. The code used was an adaptation of EVORB (Fer-
na´ndez et al. 2002). In these integrations the energy of the
system remains nearly constant with oscillations of at most
1 part in 108. For the construction of each of the ten maps
we integrated 63000 test particles. Each test particle was in-
tegrated for 1000 orbital periods with an output of one par-
ticle’s orbital period and we calculated the mean orbital ele-
ments after 100 orbital revolutions recording the maximum
calculated differences ∆a,∆e,∆i of the mean elements. Taking
the mean instead of the osculating values we eliminate the
short period variations and focus on the diffusion of the or-
bital elements in a timescale long enough to detect variations
but short enough to avoid the total loss of the memory of
the initial conditions. The recorded variations in the orbital
elements are slightly different if we calculate the mean over a
different number of orbital revolutions, but these differences
do not affect the global picture of the maps. In this study we
have found that the perturbations by the terrestrial planets
can be ignored for our purposes in the considered region ac-
celerating the numerical integrations. The particles having
close approaches with the planets have chaotic evolutions so
our results will be only indicative of the order of magnitude
of the actual orbital changes that the particles experience.
On the contrary, the particles without close encounters with
the planets will show a very regular evolution that the inte-
grator will reproduce with confidence. The region a < 5 au
will be studied more properly in the next section. The most
relevant results we obtained involve the ∆a so we focus on
these results.
Figure 2 shows the results for ∆a in logarithmic colour
scale. Black regions correspond to (∆a)/a ≤ 0.001 and yellow
regions to (∆a)/a ≥ 1. So, dark regions represent zones where
diffusion in semimajor axis is minimum, which in principle
we can associate to possible stable regions, typical of secular
evolution. Inside stable -dark- regions, MMRs appear as ver-
tical -light- structures because they generate oscillations in
the semimajor axes. But, inside unstable regions the MMRs
appear as dark vertical lines because the planetary perturba-
tions cannot break the small amplitude oscillations typical
of resonant motion, specially for strong MMRs. These strong
MMRs are clearly defined in all panels and specially in the
high eccentricity regime indicating that they provide some
stability inside such a chaotic region. The resonances that
persist in several panels of Figure 2 are: 1:1J at 5.2 au, 2:3J
at 6.8 au, 1:2J at 8.2 au, 1:3J at 10.8 au and 1:4J at 13.1 au.
At 15.2 au there are two resonances: at low eccentricities the
1:2 with Saturn dominates while at high eccentricities the
resonance that dominates is 1:5 with Jupiter. This can be
checked calculating the resonance’s strength using the code
from Gallardo (2018). In the panel corresponding to e = 0.7
several resonances of the type 1:N with Jupiter are evident
up to 1:15 at 31.6 au.
It is interesting to note in the first panel of Figure 2 the
stability of coorbitals of each of the giant planets for a large
range of inclinations and the unstable region that surround
them. Note that the coorbitals of Jupiter survive for a wide
range of eccentricities while the coorbitals of the other gi-
ant planets become unstable for e > 0.2. In the subsequent
panels, as the eccentricity grows, two diffuse yellow vertical
structures -representing very unstable zones- shift from left
to right, to larger semimajor axes. They correspond to or-
bits crossing the orbits of Jupiter and Saturn. In the last two
panels only survives the very wide structure due to Jupiter.
In the firsts panels wide regions in inclination persist
as stable zones but, as the eccentricity grows, unstable re-
gions grow and the only stable regions are limited to niches
corresponding to retrograde orbits, see for example panels
corresponding to eccentricity 0.5, 0.6 and 0.7. In particular,
a remarkable feature is evident in all panels, but specially for
e > 0.1: an horizontal stable band defined by i ∼ 150◦ ± 20◦
which seems to be the most stable orbital inclination for
a wide range of eccentricities. The observed population in
Figure 1 approximately is concentrated in this stable band.
In order to appreciate this concentration we show an
histogram of the distribution of the inclinations in Figure 3.
We performed a KS test on this distribution and found that
it does not belong to a uniform distribution with a proba-
bility greater than 0.99. One of the objects located in this
particularly stable stripe is 2015 BZ509, a retrograde coor-
MNRAS 000, 1–8 (2019)
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Figure 2. Dynamical maps in terms of initial (a, i) showing the diffusion in a for test particles in the Solar System with initial random
ω, Ω, M and different initial eccentricities. Horizontal axis is initial a in au and vertical axis is initial inclination in degrees. Going from top
(yellow) to bottom (black) , the ticmarks of the logarithmic colour scale indicate (∆a)/a = 1, 0.1, 0.01 and 0.001. White pixels correspond
to ejections. The dark vertical bands surrounded by chaotic regions that can be recognized in several panels are generated by stable
MMRs. For the construction of each map, 63000 test particles per 1000 orbital periods were integrated.
MNRAS 000, 1–8 (2019)
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Figure 3. Histogram of the inclination of the retrograde asteroids
and comets with a < 40 au (same sample than Figure 1). Note
the excess from 130 to 170 degrees.
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Figure 4. Ejection probability by Jupiter and Saturn for a test
particle with a = 30 au and e = 0.9 and different inclinations
according to O¨pik scheme.
bital with Jupiter. This stable band can be understood in
terms of the O¨pik theory of encounters, which is a simplified
model based on the geometry of the problem that takes into
account the probability of the encounter and also the ex-
pected change in the orbital elements due to the encounter.
Just for illustration, following Valsecchi et al. (2000) we cal-
culated the ejection probability per orbital period for a test
particle with a = 30 au and e = 0.9 for all inclinations due to
the encounters with Jupiter and Saturn. Figure 4 shows the
results where we can see that for the referred interval of in-
clinations the probability is minimum, then in that interval
the planetary perturbations are in general less relevant.
The other evident stable niches that appear specially
en the last panels are, as we have stated above, the exte-
rior MMRs of the type 1:N with Jupiter. These last pan-
els of Figure 2 can be compared with the figure 7 in Fer-
na´ndez et al. (2016) which shows that captures in exterior
resonances 1:N are very frequent for particles with retro-
grade orbits for e & 0.75. That figure shows that in par-
ticular for 10 . a . 22 au captures in resonance occur for
40◦ . i . 160◦ but for a & 22 au captures only happen
for retrograde orbits. Note that these limits match very well
with the most stable regions showed in the lower panels of
our Figure 2. Then, the captures found by these authors
correspond to strong resonances 1:N inside the less unstable
regions of the Solar System for that high eccentricity regime
where planetary perturbations are particularly strong.
The figure by Ferna´ndez et al. (2016) was obtained
starting with the sample of observed objects, then the or-
bital elements were not taken at random from an uniform
distribution. In order to link our dynamical maps with the
efficiency of the resonances in capturing particles we have
numerically integrated 1000 fictitious particles with orbital
elements taken at random between the same limits of our
maps but all them with initial e = 0.9. We integrated by
2 Myr using EVORB with output for every 100 yrs and
then we have calculated the mean elements using a mov-
ing window of 5000 yrs. Figure 5 shows the mean orbital
elements plotted for intervals of 1000 yrs satisfying the con-
dition 0.85 < e < 0.95 in order to compare with Figure 2 last
panel. Note the strong diffusion in semimajor axis for direct
orbits which is only halted by resonances located in a < 25
au. All resonances of the type 1:N with Jupiter can be identi-
fied up to 1:19 and also the resonances 1:3 and 1:5 with Sat-
urn. It is evident that in the yellow regions of Figure 2 last
panel the resonant motion can not subsist due to the plane-
tary perturbations. Inside that region the diffusion in semi-
major axis is so fast that the resonances cannot imprint any
trace. Figure 6 shows all resonances with their corresponding
strengths calculated according to Gallardo (2006, 2019) (see
also http://www.fisica.edu.uy/~gallardo/atlas/2bmmr.
html) where the strengths are related to the semiamplitude
of the resonant disturbing functions. Resonances of the type
1:N with Jupiter are the strongest even for heliocentric dis-
tances in between the other giant planets.
Figure 2 allows us also to retrieve some of the numeri-
cal results by Namouni & Morais (2015, 2017). Their study,
focused in resonance capture at arbitrary inclinations, was
done in quite different scenario with respect to our study be-
cause they considered only one planet. They concluded that
captures in retrograde resonances are more probable than
in direct ones and they argue that the main reason is the
larger perturbations due to the planet that a direct object
must overcome with respect to a retrograde one. They refer
to the perturbations generated by the same planet that gen-
erates the resonances but, in the light of our results, we can
generalize and assert that the whole outer planetary system
is responsible for the destabilization of the direct orbits more
than for the retrograde ones.
Then, in the outer solar system several resonances can
show up overcoming the planetary perturbations but for ex-
treme eccentricities only the most stronger resonances sur-
vive and they are mainly the exterior resonances 1:N with
Jupiter. For the same reason it is not surprising that 1:N res-
onances with Neptune dominate the trans-Neptunian region
(Gallardo 2006; Lykawka & Mukai 2007; Volk et al. 2018).
Figure 7 shows the known population of 367 objects
(297 asteroids and 70 comets) with 10 < a < 30 au obtained
from MPC1 database as presented in February 2019. It is re-
markable the difference in the inclination’s distribution ac-
cording to the eccentricity. The population with e < 0.7 is
concentrated at low inclinations (mainly i < 30◦) while the
population with e > 0.7 is dispersed in all range of inclina-
1 https://www.minorplanetcenter.net
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Figure 5. Mean orbital elements verifying 0.85 < e < 0.95 from a numerical integration of 2 Myr of a fictitious population of 1000 test
particles. Mean elements calculated using a window of 5000 yrs. Several resonances of the type 1:N with Jupiter appear as vertical lines
and someones are labeled for reference. The resonances 1:3 and 1:5 with Saturn are also detected. Compare with Figure 2 last panel.
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Figure 6. Atlas of the strongest resonances between 5 and 38 au
calculated for e = 0.9, i = 140◦ and ω = 60◦. Resonances of the
type 1:N with Jupiter dominate. Some resonances with Jupiter
and the resonance 1:3 with Saturn are labeled. Compare with
Figure 5.
tions. If we look at Figure 2 we can verify that this popu-
lation with 10 < a < 30 au is occupying the most unstable
regions: for e < 0.7 is concentrated at the low inclination un-
stable regions (up to panel corresponding to e = 0.6) while
for e > 0.7 the population is dispersed in all inclinations in-
side the yellow regions occupied by the unstable orbits of the
last 3 panels of Figure 2. Then, our maps suggest that the
population of objects with 10 < a < 30 is mostly the result
of the dynamics imposed by the strongest planetary pertur-
bations. This is not an extraordinary result because we are
dealing mainly with Centaurs for which it is well known they
are mostly evolving encountering the giant planets (Horner
et al. 2004; Di Sisto & Brunini 2007; Bailey & Malhotra
2009; Fernandez et al. 2018).
Fernandez et al. (2018), studying the dynamical differ-
ences between active and inactive Centaurs, they found that
inactive Centaurs have greater dynamical lifetimes than ac-
tive ones. They argue that longer dynamical lifetimes imply
more time exposed to radiation and in consequence the pop-
ulation becomes inactive by depletion of volatiles. Probably
we are seeing the same effect in the superior panel of our
Figure 7: the bodies located at high inclinations (then, more
stable orbits for e < 0.7) are almost all classified as asteroids,
that means, inactive objects.
3 DYNAMICAL MAPS FOR THE INNER
SOLAR SYSTEM
We constructed dynamical maps for the region 0.1 < a < 5.1
au following the same procedure than in section 2 but in this
case we included also the planets Venus, Earth and Mars. We
did not include Mercury due to its small mass and in order
to accelerate the numerical integrations. Results are showed
in Figure 8 using the same scale than in Figure 2. In this
case for the construction of each of the maps we integrated
45000 test particles.
MMRs inside stable regions appear as lighter vertical
lines and inside unstable regions appear as vertical dark lines
MNRAS 000, 1–8 (2019)
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Figure 7. The known population of 367 objects with 10 < a <
30 au. Note the change in the distribution of the inclination for
e ∼ 0.7. Source: MPC, February 2019.
as in Figure 2. The main MMRs identified are: the weak
coorbitals 1:1V at 0.72 au and 1:1E at 1.0 au, the 4:1J at
2.06 au and the well known 3:1J at 2.50 au, the prominent
2:1J at 3.28 au present in all panels, the Hilda’s resonance
3:2J at 3.97 au and 4:3J at 4.29 au.
The stable band around i ∼ 150◦ is also present up to
e ∼ 0.7 but the most interesting result of Figure 8 is that
contrary to Figure 2 and against what we would have ex-
pected the unstable regions are larger for lower eccentrici-
ties. Compare for example the panel for e = 0.1 with panel
for e = 0.7. This unexpected behavior operates mainly in the
region 3.8 . a . 5 au. We tested this result with numerical
integrations of two synthetic populations, each one with 400
test particles with initial random values taken uniformly dis-
tributed in 4 < a < 5 au, 0◦ < i < 180◦ with ω, Ω and mean
anomaly M in the interval (0◦, 360◦) and different initial ec-
centricity: one population with 0.05 < e < 0.15 and the other
with 0.75 < e < 0.85. In Figure 9 we show the time evolution
of the fraction of survivors that remained with 4 < a < 5 au
from the two populations. The high eccentricity population
between 4 < a < 5 au is more stable than the low eccentric-
ity population. The half life of the populations differ by a
factor of 7. The reason can be found looking at the history
of close encounters that the particles had. While the high ec-
centricity sample had a median of 70 encounters inside Hill’s
radius with the giant planets (and 3 with terrestrial plan-
ets) the low eccentricity sample had a median of 150 close
encounters (and 0 with terrestrial planets). Then, this last
sample is substantially more perturbed by the giant planets,
mainly Jupiter which is the responsible for the 83 % of the
encounters for the high eccentricity population and the 96
% of the encounters for the low eccentricity population.
This reveals a basic difference in the dynamics of the
main belt of asteroids and the region close to Jupiter; while
in the main belt an increase in eccentricity favors the en-
counters with the planets destabilizing the orbits, in the
region outside the Hildas an increase in the eccentricity di-
minishes the frequency of encounters with Jupiter. These
differences in stability have imprints in the distribution of
the known population of objects between the asteroid belt
and Jupiter. In Figure 10 we plotted all known objects with
4.1 < a < 4.9 au, where the limits were selected in order
to avoid contamination by Hildas and Trojans. The most
stable region between the limits 4.1 < a < 4.9 au is indi-
cated by a rectangle in the figure and it is almost depleted
of comets, the only exception is 333P/LINEAR. Being the
high eccentricity region more stable than de low eccentricity
one, the objects occupying that region will dynamically sur-
vive to more numerous and closer perihelion passages than
the low eccentricity population. Then, if there were comets
at present evolving inside that region, they would be mostly
deactivated Jupiter Family comets. In other words, some of
the objects shown in the stable region of Figure 10 could be
deactivated comets. In fact, the asteroids inside the stable re-
gion are: 2000 AC229, 2010 OA101, 2012 UU27, 2012 US136,
2013 TA80, 2013 VX9, 2016 EB157, 2016 RR20, 2017 OY68
and 3552 Don Quixote, all of them considered as asteroids
in cometary orbits in the literature2 (Ferna´ndez et al. 2005;
Tancredi 2014).
4 CONCLUSIONS
We have characterized the short term orbital stability in
the Solar System for the full range of eccentricities and in-
clinations in the region a < 38 au. Regions in the space
(a, e, i) where the destabilizing perturbations by the planets
are more important are identified as well as regions where
these effects are minimal. In particular we characterized well
defined regions where MMRs with the giant planets over-
come the other planetary perturbations allowing the exis-
tence of protected resonant orbits. Exterior resonances of
the type 1:N with Jupiter are clearly present, in particular
for retrograde orbits at high eccentricity regime. Capture in
MMR is favored by resonance’s strength and impeded by the
planetary perturbations in such a way that the competition
between both defines the resulting dynamics.
All along the Solar System there is a stripe of approx-
imately 30 degrees in inclination centered around i ∼ 150◦
where the planetary perturbations have lower dynamical ef-
fects. A concentration around that inclination is observed in
the known sample of retrograde small bodies.
Analyzing the distribution of eccentricities and inclina-
tions of the population of small bodies with 10 < a < 30 au
(mainly Centaurs) we conclude that it is mostly distributed
in the unstable regions of ours maps in agreement with the
established idea that in general these objects are evolving
under strong planetary perturbations.
Our maps for the inner Solar System show that in the
region between approximately 3.8 and 5 au the high eccen-
tricity orbits are largely more stable than the low eccentric-
ity ones, contrary to what one might expect. This behavior is
due to the frequency of close encounters with Jupiter. Some
asteroids evolving in that high eccentricity stable region
could be deactivated comets that have lost their volatiles
after a long lifetime evolving in high eccentricity (low peri-
helion) orbits.
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Figure 8. Dynamical maps in terms of initial (a, i) showing the diffusion in a for test particles in the Solar System with initial random
ω, Ω, M and different initial eccentricities. Horizontal axis is initial a in au and vertical axis is initial inclination in degrees. Going from top
(yellow) to bottom (black), the ticmarks of the logarithmic colour scale indicate (∆a)/a = 1, 0.1, 0.01 and 0.001. White pixels correspond
to ejections. The dark vertical bands surrounded by chaotic regions that can be recognized in several panels are generated by stable
MMRs. Note that for a > 3.8 au the low eccentricity orbits are more unstable than high eccentricity ones. For the construction of each
map, 45000 test particles per 1000 orbital periods were integrated.MNRAS 000, 1–8 (2019)
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